Abstract. A simple supersymmetric approach recently used by Dutt, Gangopadhyaya, and Sukhatme (hep-th/9611087, Am. J. Phys., to appear) for spherical harmonics is generalized to Gegenbauer and Jacobi equations.
The coordinate transformation procedure is well known to the authors writing on supersymmetric quantum mechanics (see section 5 in [1] ). Essentially, one starts with a one-dimensional Schrödinger equation and tries to obtain a new one by a coordinate transformation. In a recent work, Dutt, Gangopadhyaya and Sukhatme (DGS) [2] used a coordinate transformation to recast the associated Legendre equation in the Schrödinger form and then employed the concept of shape invariance to derive properties of spherical harmonics in a simple way. In the following, after presenting the case of spherical harmonics, we generalize the DGS scheme to Gegenbauer and Jacobi equations.
Spherical harmonics
The equation for the associated Legendre polynomials 
can be transformed into a Schrödinger eigenvalue equation by a mapping function θ = f (z) that can be found from the condition of putting to nought the coefficient of the first derivative. The result is θ ≡ f = 2arctan(e z ). This mapping is equivalent to the replacement sin θ = sechz and cos θ = −tanhz. The range of the variable z is the full real line −∞ < z < ∞. We notice that θ(z) = π 2 + gd(z), where gd(z) is the so-called Gudermannian or hyperbolic amplitude function [3] . The associated Legendre equation is transformed in one of the best known shape invariant, exactly solvable Schrödinger equation
for which the algebraic supersymmetric scheme can be readily applied. Since l is always an integer for the common spherical harmonics, Eq. (2) is moreover a reflectionless one. The energy eigenvalues are known to be of the type E n = −(l − n) 2 , with n = 0, 1, 2...N , where N is the number of bound states the −l(l + 1)sech 2 potential well can hold, which for spherical harmonics is equal to l. Since E n = −m 2 , one gets n = l − m. The eigenfunctions |v n (z; 0) can be obtained by repeated application of the creation operators
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We notice that the mapping f and the Schrödinger equation (2) were already known to Infeld and Hull [4] , who used them in their factorization method.
Gegenbauer polynomials
In this section, we apply the DGS scheme to Gegenbauer polynomials C q p (x), which are polynomial solutions of the ultraspherical equation
This equation can be put in the following associated Legendre form
Since in Eq. (5) we want y to be an associated Legendre function, q should be half-integer. To Eq. (5) one can apply the change of function
y to obtain the self-adjoint form of the associated Legendre equation
or in spherical polar coordinates
From now on, we can apply the scheme of the previous section, i.e., obtaining the Schrödinger form of Eq. (7) by the change of variable θ = 2 tan −1 (e z ) leading to
Thus, we got a similar shape invariant, exactly solvable Schrödinger equation, for which one can apply the supersymmetric results [5] . The energy eigenvalues of the potential
where N is the number of bound states in the potential well, and is equal to the largest integer contained in n ′ . The eigenfunctions v n (z; n ′ ) are obtained by applying the factorization (creation) operators
, where a i = n ′ − i, onto the ground state wave function v 0 (z; a n ) = sech
which is an analog of Eq. (3). In the case of this section n = n ′ − m ′ ≡ p, and therefore we are dealing with associated Legendre functions of the type v n ≡ P (tanh z); the proportionality is used since we are not going into the normalization problem here. Although this relationship appears to be known, see [6] , we found it in a simple way.
The n ′ (n ′ + 1)sech 2 z potential is reflectionless if and only if n ′ is an integer. Since p should be an integer, the reflectionless property requires again a half integer q.
Gegenbauer polynomials are connecting higher-dimensional spherical harmonics to the usual two-dimensional ones. In the theory of hyperspherical harmonics they play a role which is analogous to the role played by Legendre polynomials in the usual three-dimensional space [7] . Therefore, we believe our discussion to be useful in such a context as well.
3. Jacobi polynomials 3.1-A more complicated case is that of Jacobi polynomials which fulfill the differential equation
We shall use an approach similar to that in the previous sections, by employing the notations 2(m + 1) = α + β + 2 , n(n
and with v = (1 − x 2 ) m/2 y one gets
We already see that Eq. (13) presents deviations from the standard associated form. With the change of variable θ = f (z) and the notations P (f ) and Q(f ) for the coefficients of the first derivative of v and of v, respectively, in Eq. (10), one can get the following form
Again the coefficient of the first derivative is put to nought, leading to the differential equation f
which can be solved by the substitution u = f ′ ≡ df dz . Eq. (12) can be written as follows
. Thence, z = tan γ (θ/2)cscθdθ + const. We have found that a convenient choice for the constant of integration is const = − 1 γ . Using g = tan(θ/2), one gets
The angular variable can be written as
One can show that the mapping f for γ = 0 is equivalent to the replacements sin θ = 2 (γz+1) −1/γ +(γz+1) 1/γ = sechw and cos θ =
. The case γ = 0 leads to the Gegenbauer polynomials of the previous section. On the other hand, the general case γ = 0 is not leading to a Schrödinger eigenvalue problem. One can get an equation of a form more or less similar to Eq. (5) as follows
It can be interpreted as a Schrödinger equation at zero energy. One set of solutions v are of the type
)), where P α,β n are Jacobi polynomials. 3.2-In the previous subsection we emphasized the α, β asymmetry only through the parameter γ. But what if we display the asymmetry in the change of function also, by using v = (1 − x) α/2 (1 + x) β/2 y. After simple algebra, one gets the following equation
where δ = m(2m + 1) + γ 2 and ǫ = −γ(3m + 1). In spherical coordinates (x = cos θ) Eq. (18) reads
which though not in the standard associated Legendre form has the advantage that the change of variable θ = 2arctan(e z ) can be used to get
A simplified form containing only the tanh function is the following [5] 
where A = −n ′ (n ′ + 1), B = −γ (3m+1) 2
, C = −n ′ (n ′ + 1) + m(2m + 1) + γ 2 ,
and it is supposed that B < n ′ 2 [5] . As discussed by DGS and by other authors [8] such a Schrödinger equation corresponds to the motion of an electron in a Coulomb field in the presence of an Aharonov-Bohm potential and a Dirac monopole potential. It is also a Rosen-Morse II problem which is known to be shape invariant and thus completely solvable by supersymmetric algebraic methods [2] . The energy eigenvalues and eigenfunctions are in our notations as follows [5] E n = n ′ (n ′ + 1)
v n = ( √ 1 − tanhz) 
